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Groups of short waves within a narrow frequency band are known to be accompanied
by second-order long waves travelling at the group velocity of the predominant short
waves. When the short waves are refracted by bottom topography, new long waves
can be further radiated and propagated away from the topography at the shallow-
water speed. Since over a long submarine ridge there can be trapped modes of long-
period waves, incident groups of short waves can excite the trapped waves through
a second-order mechanism. In this paper we study such excitations over a rectangular
shelf which scatters the first-order short waves. By employing asymptotic methods
we examine the transient excitation of the trapped long wave by both sinusoidal
wave groups and wave packets. The effects of a small angular spread of the incident
waves are also included.

1. Introduction and formulation

1t is well known in the linearized theory of long water waves in shallow water that
simple harmonic waves of certain frequencies can be trapped on a long shelf or on a
ridge (Longuet-Higgins 1967). In the idealized case of an infinitely long ridge such
waves cannot be excited linearly by simple harmonic waves approaching the ridge
from outside; they can only be generated by local forcing such as overhead wind.

For ridges of oceanographic interest, the trapped wavelength can be comparable
with the width of the ridge. The corresponding periods are typically a few minutes,
which are much longer than the typical wind-wave periods of 0(10-20 s), but close
to the modulational periods of swell groups. The goal of this paper is to show that
narrow-banded wind waves incident from the sea can excite trapped long waves on
a shelf through a nonlinear mechanism. Both steady and transient wave groups will
be considered.

Nonlinear interaction of waves with topography. with particular emphasis on
wave trapping, has been studied by Foda & Mei (1981) and by Mei & Benmoussa
(1984) for cases where the water depth changes slowly in space so that reflection of
the short waves is negligible. In the present work we shall consider the case where
reflection of the short waves is significant. Particular attention will be paid to
transient resonance. For demonstration of the physics, we choose a relatively simple
bathymetry of a rectangular shelf as shown in figure 1. Cartesian coordinates
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Freure 1. The ridge geometry.

(x,y,z) are chosen so that the rest position of the free surface is the (x,%) plane
with z positive upwards. The bathymetry is given by

depth =% (Ja| > L, —o0 <y <o), (1.1)
depth =%" (| <L, —o0 <y< ©), )
where h>h. (1.2)

Thus the ridge runs parallel to the y-axis. We assume that the water is of
intermediate depth: oh = O(1); ¢h” = O(1) where

o = w?/g = k tanh kh. (1.3)

k is the central wavenumber and w is the central frequency of the short waves. The
half-width of the ridge, L, is assumed to be comparable with the length of the wave
groups; and very long compared with the short-wave length, i.e.

EL=0("Y) > 1, Ak/k=0() < 1. (1.4)

Only waves of small slope will be considered. To study the most interesting cases
where nonlinearity and dispersion are comparable, we take the characteristic slope
of the short waves ka to be O(¢) also.

The governing equations for the velocity potential are

Vb =d,, +P,+P, =0 in the fluid, (1.5)

1
D, +9b, = [——%(V¢)2+§¢’t (pzt] =V, (V, P,)+0(V, 2, (D%),). =z=0, (1.6)

¢

where V, = (2,,9,), and,

x -y

D,=0, z=—hk (x| <L)

=—h (x> L), (1.7)
&, =0 (x==+L, —h<z< k) (1.8)
As in Agnon & Mei (1985) we introduce the slow coordinates
(@1, 41 1) = €(x, 4, 1) (1.9)
and the following expansion:
d=3Y e ¥ P, e im (1.10)
n=1 m=—n

where D =P (,y.2, 0.4, 4), Pop =P . (1.11)
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In this expansion @, represents the short-period waves at the leading order, and
@, is the long-period wave potential. The perturbation equations governing @,,,, can
be straightforwardly deduced (Agnon & Mei 1985), and will be cited when needed.

Our approach may be outlined as follows. At the leading order, the short waves are
found by the solutions of a linear diffraction problem, which has been studied by
Newman (1965), Miles (1967) and Mei & Black (1969). At the next order we examine
separately the near field within a few swell lengths of the shelf edge, and the far field
a few group lengths away from the edge. After first finding the forms of the potentials
for the long waves in each field, we match their asymptotic values with the near fields
to get the final result. As in Mei & Benmoussa (1984) who studied only a slowly
varying topography, two types of long waves are shown to exist. The first one is
locked to the short-wave groups and propagates at the group velocity. The other is
a shallow-water wave generated at the shelf edges. For nearly normal incidence it
propagates both on the shelf and outwards in directions different from those of the
short waves and of the locked long waves: the speed of propagation is the local
velocity of long waves. Under certain conditions of oblique incidence, long waves of
the second type can be trapped and resonated on the shelf. Responses to sinusoidally
modulated and transient wave groups are analysed. The effects of a small directional
spread are also included for generality. As a matter of notation, we denote the
potential in the near field by i, i.e.

o=y, kxtL)<O0(1), (1.12)
and the potential in the far field by ¢:
D=¢, kx,—L;)=0(1); kiz,+L;)=0(Q). (1.13)

For convenience we shall use L, = ¢L to denote the scaled half-width of the shelf
when we refer to the x, coordinate. First, let us examine the first-order short-wave
potentials in the near and far fields, ¢,, and, ¢,;.

2. The potential for sinusoidally modulated short waves

In the near field of each shelf edge, the equations for r,, are formally the same as
the equations for the diffraction of regular waves by a rectangular step (Miles 1967).
To account for diffraction by the whole shelf one must combine ir;; with the far field
¢,, over the shelf. Two alternative approaches can be taken. On the one hand we may
spectrally decompose the narrow-banded incident wave into a discrete set of
sinusoidal components and superpose the respective solutions for the total diffraction
field. Alternatively, short waves may be regarded as being sinusoidal with slowly
varying envelopes. For sinusoidal modulation where the spectrum is composed of
two frequencies, the first approach is simpler.

Consider now a strictly sinusoidal wavetrain. In view of the wide-shelf assumption
(1.4) it is most convenient to employ an approximation due to Newman (1965}, by
taking into account only the propagating modes for the interaction between the two
edges, and ignoring the evanescent modes. Since the results are crucial to our later
analysis, we sketch Newman'’s reasoning below. Consider first the left edge x = — L
of a step of infinite width. Let the potential of a wave incident from x ~ — oo (from
deep to shallow water) have the amplitude 4, i.e.

Y1, = Af, exp (lax +iyy) (x < —L), (2.1a)
with a=kcos; y=kFksing; (2.15)
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where 6 is the angle of incidence, and

_ V2coshk(z+h)
"~ (h+o'sinh?kh)t

Sol2) (2.1¢)

the free-surface amplitude a of the incident wave is related to the potential

amplitude 4 by .
a= %—“ifo(O)A. (2.2)

Then the propagating modes of the reflected and transmitted waves are given by
YL = ARf, exp (—iax+iyy) (x < —1L), (2.3a)
T, = ATf, exp i’z +iyy) (x> —L), (2.3b)

respectively, with '2 = a’24y?; k" and f; are related to #’ in the same way as k and
fo to k. The total propagating-wave potential is

1:b‘ll = '/f{1+’ﬁ¥1 forz < —L"l (2.4)
Y =vh forx > L. J

R and 7' denote the reflection and transmission coefficients for a wave incident from
the deep side x + L ~ — o0 toward the step. The values of R and 7' can be determined
numerically by the Galerkin method (Garrett 1971) or the closely related variational
method (Miles 1967 or Mei & Black 1969). We then consider the right edge of the shelf
and calculate the scattered wave due to an incident wave from the right (shallow
side) toward a step of infinite width. The corresponding coefficients of reflection (to
the right) and transmission (to the left) are denoted by R’ and 7" respectively. The
numerical results have been checked against published theories as well as the exact
law of energy conservation :

(1—|R|*)Cy cos B = [T|*Cy cos ', (2.5)
where tan ' = y/a’.
Now we make use of these coefficients R, 7', R’ and 7" for a step to a shelf of large

but finite width. The short-wave potential in the far fields outside the shelf can be
expressed as

P11 = (A eleTV 4 B emleztivy) £ (x < — L), (2.6a)

b = (C =) f (x > Ly; (2.6b)
and on the shelf as

¢y = (D T L | el Ty £ (19 < L. (2.6¢)

Matching the propagating modes in (2.3) and (2.4) and making use of the reflection
and transmission coefficients for each step, we immediately get

RA D 4T'E D = Be=D ) L (2.7a)
TA &0 4 RE e%D = D -0 | (2.7b)
’ i’ __ iaL
and T'D e*L = ( eiel, 1 bz = L. (2.7¢)
R'D el = f eio'L] 2.7d)



Trapping and resonance of long shelf waves due to groups of short waves 205

0.4
(\
% 0.2
0.1 F
| / i 1 }
0 0.2 0.4 0.6 0.8 1.0 1.2

kh'
Ficure 2. The reflection coefficient |B/A| for a ridge versus k2" ;2 /h = 0.5; L/h = 10; normal
incidence (6 = 0).

Solution of these simultaneous equations yields B,C, D, and E:

/ B (R’ eioL + R'TT" ei(4a'—a)LW
C A T/T ezi(a’—a)L
T 1R AL (2.8)
D T ei(a"m)L
\E) R'T ek,

This result is due to Newman (1965).

Numerical values of |[B/A|, are plotted vs. kA" in figure 2. The variations of |C/A].
|D/A} and |E/A| are similar and are omitted. By considering all evanescent modes,
accurate solutions for B—E can also be calculated by using a variational method (Mei
& Black 1969). Numerical agreement with Newman’s wide-shelf approximation has
been found to be excellent for the parameters considered. Note that since kL is large,
interference is strong and a small change in k results in a large change in B,C, D and
E.

Consider now an incident wave which is the sum of two monochromatic waves
slightly detuned from the central frequency, « and v, i.e.

Lot = f(2)[4* elt@’z+yTy—o™t)

+A— ei(a'z+y'y—w_t)] e—iwt‘ (an)

where at =ateuQ, yt=yt+erQ, owt=wteQ. (2.95)

A* and A~ may be different in general. Equation (2.9a) can be alternatively written
as .

¢{1 e—iwt — {A el(a1+yy—wt)}f0(z). (2.100/)

with A = A% e 198G mm W) 4 A~ pI0aT ) (2.10b)

For strictly sinusoidal modulation A* and A~ are equal constants, in which case they
will be taken to be related to the maximum free-surface amplitude a by (2.2).
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Ficurk 3. The wavenumber vectors k, k* and k- where k" = {a*, y*) and k™ = (a7, y").

For the incident envelope we shall define ek as its wavenumber vector and 6, its
direction, with )
K=Quv)/C, 6,=tan"—. (2.11)

7
These are depicted in figure 3. From the dispersion relation (1.3) one can show
that
1=C(ap+yv)/k orQ=C,kcos(0—6,). (2.12)

The difference in angles of the two trains

o y—i—er_t - v—eQv

4 = tan 2t el a 2 e
: 282
X (av—7yp) = i tan (6, —6) (2.13)
£

is the directional spread of the total incident wave. The range of ,—6 is (—3m, ix).
For ,—6 = +1xn, there is no modulation in time. If the two uniform wavetrains in
(2.94a) are collinear, 8, = 6 and

vy 5
- ==, 2.14
it (2.14)

and g and v are further related by
1=C (p+17)h Le. Q = Cyk. (2.15)

the propagation speed of the incident envelope is in general
1
C,= 2_ Cgeos(0—0,) =———5.
K (4 v2)

When two uniform wavetrains are collinear, C, = C,.
Now each wavetrain in (2.6a, b) can be represented in the form of (2.10). By
superposition we have the envelopes of the scattered waves:

B B* . B~ .
{C} = {0+} exp [ —iQ(¢; i/”’xl—vyl)]-{_{c-—} exp [iQ(t,  pa; —vy,)].  (2.17)

On the shelf, the two refracted wavetrains must have the same y and ». The z-
component is now ta’ for the wave and + u for the envelope. The component x” can

be found from (2.12): LK &
L L
rEETY (C’g c )

g

(2.18)
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In the limit of collinear waves (2.14) holds; (2.18) reduces to

K KE(kC
A 4 — 8
Qu k{a +'a'(k'cg 1)]. (2.19)

This formula applies also to a slowly varying bottom (Mei & Benmoussa 1984,
equation (3.9) where C,/C, should be corrected as Uy /C'y). Now the envelopes of the
combined waves on the shelf are

E B . b .
{D} = {D+} exp [—iQ(t, £ p'z, —vy,)] +{D_} exp [iQ(t, + p'xy, —vy)]. (2.20)

The coefficients B¥, C*. D* and E* arerelated to A=, R, T, R'*, T, ot and o'*
just as B, C, D,and E areto 4, R. T, R, T’, « and @' in (2.8). Because (a*—a™) L
is of order unity, the rapid oscillations in figure 3 imply that B* and B~, etc. can differ
significantly.

We now turn to the long-wave potential. Unless otherwise stated the component
wavetrains of the incident waves are not assumed to be collinear.

3. Long-wave potential for incident short waves with a sinusoidal envelope
3.1. The far fields

Accounting for oblique incidence in acecordance with (2.2), we can easily modify (4.7)
in Agnon & Mei (1985) to get the governing equation for the long waves in water of
depth A:

2wk
iy, ~ 0 Vidho = —f3O) (1= + 225 (PR4 1R, o> L Ga)
g
where V, = (0/0x,,0/0y,). Over the shelf, |z,| < L,, a similar equation holds with &,
k, C, and f, replaced by &', k’.C}; and f,, respectively. P and ¢ are the potential
amplitudes of waves propagating to the right and to the left respectively.

Specifically

A, B (< —L).
P={D Q={E (x)<Ly. (3.1b)
c, 0 (¥,> L.

Note that only the self-interaction of each propagating wavetrain contributes to the
long-wave potential ¢,,. Short waves propagating in opposite z-directions contribute
only to short-scale oscillations and have zero mean. In view of (2.10) and (2.12),
[PI> and |@|* in (3.1) consist of zeroth and second harmonics in slow timescales.
Specifically, corresponding to a typical right-going short wave in the deeper water we
have

|A]2 = |A*2 4|42+ 2 Re [A+A~* e 30%h—uzw)] = |A+‘2+|A"|2+m§. (3.2a)
The expression for (' is similar. For the left-going short wave B, we have instead
B = | BB *+2 Re[ BB * e #0tun=w] = B[ 4 |B P+ B, (3.20)

For later convenience, we denote by |4|* the oscillatory part of |4|%. By changing u
to u’, the corresponding relations for D and £ can be written. Forced by these har-
monics as in (3.1), ¢,, must contain the same harmonics. Physically, the zeroth-
harmonic part of ¢,, corresponds to steady set-up or set-down, while the second-



208 Y. Agnon and C. C. Mei

harmonic part is oscillatory. We shall only consider the more interesting second har-
monic. The corresponding solution to (3.1) is further split into two parts. One part
is the inhomogeneous solution which is not required to satisfy any boundary
conditions. It is easy to see that the inhomogeneous solution in two depths can be
separated according to the wave-trains and propagate at the respective group
velocities. For any envelope Z in deep water, the locked long wave is given by

() = Re & e s Frt—vy) (3.3)
R4 AT A* m
{(Z)={H#=1B"B* o0 (3.4a)
€ cro*
£0)C2 2wk
— 2 2_ 2 i
where m gh—C? k*—ao®+ c, (3.40)

is independent of £2. In (3.3), the minus sign in the exponent is associated with the
right-going envelopes Z = (4, C), and the plus sign with the left-going group Z = B.
The long waves locked to the wave envelopes on the shelf, Z = (D,E), have
expressions similar to (3.3) and (3.4), where %, k,C, and x must be replaced by #', &,
C;, and u’ respectively.
The remaining oscillatory part of ¢,, corresponds to solutions to the homogeneous
equation :
fﬁtltl_gh Viglhh=0 (z|> Ll)vl

¢f0t1tl_gk/ Vidth =0 (x| < Ll);]

hence they will be called the free long waves, denoted by the superscript ¥. The sum
of the inhomogeneous and homogeneous solutions must satisfy certain boundary
conditions. In particular ¢7, must be either outgoing or vanishing at [z,| >c0. The
latter corresponds to long waves trapped on the shelf.

Because the potentials for the locked long waves are periodic in y,, the free waves
must be likewise. We shall be mostly interested in trapped free waves and hence will
denote the x, (cross-shelf) wavenumbers of the free waves by 2128 for |x,] > L, and
2Qp for |x,| < L, where f and g are different from x and x” and must satisfy

(3.5)

— B4V =(gh), B = (gh) (3.6)

For trapping it is necessary that £ and g be real so that

—,[)’2=gih——v2<0</>”2=#—1’2: (3.7)

Now the free wave ¢f, must be of the form

= 9% = Re @ e 2R w)20n, (4 < — L), (3.8a)

10 = P10+ 1o (.| < Ly), (3.8b)

with 10 = Re A e 2~Fzvyy), (3.8¢)
K — Re " e 0tfn—rwy, (3.84)

and = ¢, = Re g e 8%Cv0=208n (o > L), (3.8¢)
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The total long-wave potential is obtained by adding the locked and the free long
waves

Pro = ‘140+¢fo+¢i;0 (2, < —1Ly),
¢10 = {)0+¢fo+¢ﬁ)+¢{(0 (lxll < Ll)v (3-9)
P10 = ¢fo+¢i]o (2, > Ly).

The rays of these long waves are sketched in figure 4. The coefficients ¢, #, X", and
F will be determined by matching the total slow-wave potential in the near fields of
the edges, to which we must now turn.

3.2. The near fields

In the near field of an edge, the variation of yr,, with respect to «, y and z is governed
by the Laplace equation and zero normal-flux conditions on z =0 and along the
boundaries of the step. This has been shown formally by Agnon & Mei (1985,
equations (4.1)) and is expected intuitively. Consequently, the slow potential i, is
independent of short scale (x,y,z). However, it must depend on y, owing to
variations of the incident waves

Vie=¥YwWt), x~—L, or+L,. (3.10)

It should be stressed that while i, does not depend on z,, there is still a second-
order slow drift velocity in the z-direction. As in Agnon & Mei (1985, equation (4.22))
a0 is governed by

S
(@+a—z—2)¢20=0 (—h<z<0), (3.11)
2 1 U
Do Lot et =i S 6= 0), 3.12)
Wy (z= —h,axr< =1L),
0z =0 (= —-ha>—-L), (3.13)
%‘”Iﬁ=0 (—h<z< =W, z=—L). (3.14)

The velocity U defined in (3.12) is just Stokes’ drift. Integrating the normal
derivative of y,, around the boundaries of the near field of the left edge, i.e. 87,8,
Sg and Sy (see figure 1) we find

f Voo dz—f dz = —[WU(— L+ o0)—hU(—L— )], (3.15)
St-L)

SL(-L)

where S% stand for the outer limits to the right and to the left of the edge at x = — L.
Near the right edge, we have, similarly,

J Vaox dz—f Yaor A2 = —[RU(L+ o0) =K (U(L— 0)]. (3.16)
St S (L)

The derivation of (3.15) and (3.16) is very similar to the one encountered in our
parallel analysis of a floating body in beam seas (Agnon & Mei 1985 see the first of
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Fieure 4. Rays of long waves over a ridge: ——-, group-locked waves; ----- , free waves. The

directions are dy/dx =x1/C, off the ridge and * 1/O” on the ridge for group- locked waves; +1/
(gh)? off the ridge and 1 1/( gh ) on the ridge for free waves.

(4.24) where f%(0) should be multiplied). Explicit formulas for Stokes’ drift can be
worked out straightforwardly :

\
hU(—L—o0) =hRe#W e7?%h = 2—?—]“3(0) (14 —=1Bf*) (2, =—L,—0),

’

WU(=L+00) = k' ReU® e~8% = 2“’7“ F20) (IDIE—IEP) (2, = — Ly +0),
(3.17)

4

WU(L—c0) =h' ReWU® e~ = g%“— (0 (ID*—IEP) (2, = L,—0),

RU(L+ac) = h Re @ =40 = gﬁ’i"—f 0)|C]? (2, = L, +0). J

3.3. Matching of near and far fields and free long waves

We now approximate ¢,, to gets its inner expansion

Left edge:
P10 ~ {¢‘140+¢{30+¢fo}
+ (2, + L) {[— e di +/‘¢10]21+¢1011 (¢, >—L;—0); (3.180)
P10 ~ {¢?0+¢fo+¢ﬁ)+¢1o
+ (@ + L) {— Pty + ' 5 — B ¢ T + f % }tx (x,>—L,+0); (3.185)

where all quantities in { } are evaluated at x, = —L,.
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Right edge:
Pro ~ {¢f0 + ¢ﬁ) + ¢ﬁ) + ¢{(0
+ (@, = L) {—p' ol +/"/¢f0_:3/¢%_,3,¢{{0}t1 (x, > L,—0); (3.18¢)
P10 ~ @50+ Blo} + (x,— Ly) {‘_/l¢ﬁ)t, + ¢'11011} (2, > Ly +0); (3.184d)

where all quantities in {} are evaluated at x, = L,.
Use has been made of the simple relations between ¢, and x; derivatives of the
propagating modes. For example, we have

0 0
—=/‘a_tl for ¢y, and ég, Py

ox, :

, 0 K
=f a, for ¢p* ete.,

and similar relations for left-going waves with a change of sign. Matching the long-
wave potentials across an edge through ¥, (cf. (3.10)) we get

HT N+ oh =¥ =R +oh+ol+dr (v, = —Ly), (3-19a)
o+l + Pl + 61 = ¥ = Lo+ (r=1L,).  (3.199)

In (3.18), the coefficients of (x, £ L,) correspond to mass fluxes associated with the
long waves. Matching the fluxes terms in (3.18) with the near-field flux

'/’2oI dz
5%
and making use of (3.15) we get
Al */1¢‘140t1 +lu¢1130t1 + ¢?011] —H[—pdn+u ol —Bo% +:3/¢{{0]t1
=kU(-—L+0)-hU(-L—x) (xr,=-—L;), (3.19¢)
W= p b0+ 1 1o— B 10+ B btole, — Al — udTor, + Bios, ]
=hU(L+0)—hU(L—) (xr,=1L;). (3.19d)

When (3.2), (3.3) and (3.8) are substituted into (3.19) we obtain a linear matrix
equations for 4., 4, and £.

9 a,
N H @y R
o= Vol (3.20)
F !
where the matrix N is given by
o—2Q8L, _o—2RpL, — oL, 0
0 Q2106 L, e—2108 L, _ om208L,
N = . (3.21)

2008 Wl _2NQK f UW L AQKY HWL
0 QNP AW 20N e MWL 2Qhp & W
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and a,, a,, a,, and a, are related to the locked wave components in (3.18):
a, = — of e 2l _ g ALy 4 G o 2L, | £ eZiQ/;,’Ll’\
a, = € el — & e HUW I _ @ HUWLy
a, = —h[(—psd e 8%l B 29Dy (—2iQ)+ V]
U (=D e P 4 )/ & B L) (—21Q) +UP].
a, =—h{(@E e UL — ' P WLy (—2iQ) + YD)
+h[— p€ eI (—2i)+ U D]. J

(3.22)

Equation (3.20) can be solved to yield a full solution for the long waves.
We now examine the physical implications of the solutions. The matrix NV in (3.21)
becomes singular when its determinant vanishes, i.e.

(Bh+1fH ) €L (Bh—if k)2 e %Ly = Im [(Bh+if )2 %] =0, (3.23)

which is the known eigenvalue condition for trapped modes on a rectangular shelf
according to the linearized shallow-water wave theory. In particular, (3.23) may be
solved to give the nth eigenfrequency £, :

2Q, p'L, = tan™! ﬂ,k,-i-%mt. (3.24)
Ok
For collinear ineident wavetrains, v is determined from (2.14) and (2.15). For non-
collinear trains one may prescribe the angular spread 4; v and g are then determined
from (2.12) and (2.13). In either case § and g’ follow from (3.6) and the mth
eigenfrequency £, is then given by (3.24). For even (or odd) n, the free-surface profile
associated with the trapped long wave @,, is symmetric (or antisymmetric) about
the longitudinal axis (x = 0) of the shelf (see Mei 1983, p. 140).
We note that the second and third columns of (3.21) are complex conjugates of
each other. This means that

H(202) = —H#*(2Q). (3.25)
Hence the free wave on the shelf is of the form
Re[J# e 826 HTi-v) _ g% o 21 2,00

= || sin (22f'x, —arg ) cos 2Q2(t, —vy,), (3.26)

which is a wave standing in the x, direction, and propagating in the y, direction.
The standing-wave amplitude 5 is found from (3.20) by matrix inversion

» e M./ B M./
T Im[(Bh+ifH)? ML 4Q T ((Bh)2 +(Bh)E] 4827 sin 48 L (2 —Q,)’
(3.27)
where
1 a, —eMN¥L 0
0 a, e WL —1
- (3.28)
2QhB  a, 2iQNfF eXUW L 0

0 a, —2QWE e HUWL 2048
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Fraure 5. The frequency response, H(20) = 20Q|#[k/ga®, versus 2/w for collinear waves,
L/h=10,e=0.1, 2" /h = 0.5, oh = 1 and three angles of incidence: (a) normal incidence (6 = 0°);
(b) @ = 45°; and (c) 0 = 75°.

The special case of normal incidence (y = v = 0), is qualitatively representative of
all cases of small 6,. Equation (3.8) is replaced by

E o= ¢F = Re® ern@ta/emil (g < L), (3.290)

to = P50+ ¢1o (l] < L), (3.290)

with P = Re A e LT/ (3.29¢)
{“; = Re X 94219[!1‘*’11/(9"")%]’ (329d)

and =¢J),=Re ¢ o 2RlL7,/e1)H) (x, > —L,). (3.29¢)

The free wave off the shelf is now propagating. Equations (3.20) and (3.21) are still
valid if g is taken to be imaginary.

Figure 5 shows the dependence of H = 2Q|H|k/ga?, which is the normalized
amplitude of the trapped long wave, on /w, for collinear trains at various angles of
incidence 6 = 6, = tan™'v/u =tan"'y/a. From (3.7) there are three regimes
separated by the critical angles 6, and 6, corresponding respectively to % = 0 and

/2 :
=0 te. sing, = C,/(gh}, sing, = C,/(gh'}. (3.30)
For 6, < 6, < 6,,— f? is negative and §? is positive; the free long waves are trapped
on the shelf. Resonance occurs at frequencies given by (3.24): the spacing between
them is simply =/(44'L,). For 8, < 6,, both — g% and £'? are positive and the waves
are propagating everywhere. No infinite resonance occurs, and the variation of the
normalized H with respect to QL is uneventful. Finally, for 6, > 0,, both — f* and
B’% are negative; the free long waves are evanescent on and off the shelf, as can be
inferred from (3.23) and (3.28). J decays exponentially as QL increases.

In the case of non-collinear wavetrains the same three regimes exist and are
determined by the signs of —f? and (2. These in turn are determined by the
magnitude of v™! = C, sec, compared to (gh)t and (gh'):. When 6, is close to 6 the
resulting values are close to the results for collinear waves. When they differ, the
qualitative behaviour is the same, and some quantitative variation occurs. Such
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cases have been computed with results similar to those given in figure 4. We also note
that the appearance of many zeros in figure 2 does not mean that the forcing of the
free long waves vanishes. While they are oscillatory in £Z, not all terms on the right
of (3.1a) vanish, nor are they in phase with respect to £L. The numerical values are,
of course, functions of the short-wave scattering, which depend on the details of the
topography, such as kL, the shape of the shelf edges, etc.

In the neighbourhood of the resonant peaks, the theory in this section breaks
down. One way to achieve a uniformly valid theory is to examine the evolution over
a much longer timescale f, = ¢* = O(1). Higher-order nonlinearity must then be
invoked. In a related study of edge waves on a mild slope, Foda & Mei (1981) have
derived a cubic Schriédinger equation for the resonated edge waves. Similar analysis
would be dauntingly complex for the present problem. To avoid infinite resonance,
one may alternatively examine incident wave packets of finite duration within the
realm of t; = O(1); the resonance peaks must then be finite.

4. Long waves due to an incident wave packet
4.1. Normal incidence

In the simplest case of normal incidence, trapping or resonance is not expected.
Instead of the discrete-mode approach of §2, we view the short waves as sinusoidal
waves modulated slowly in some general manner. Equations (2.6)—(2.8) hold near
each edge with the coefficients A—£ being functions of ¢,, but the amplitudes D and
E of waves propagating on the shelf must have different values at the two edges.
In particular 4, B, D and E in (2.6) must be evaluated at x; =—L,;, hence
A =A(—L,.t) etc. On the other hand C'. D and ¥ in (2.7) must be evaluated at
@, = L, hence (' = C(L,.t,) etc. Since D = D(t,—x,/Cy) and E = E(t, +x,/C,) by the
conservation of wave action. we have

D(Ly,t,) = D(_letl—le/Cg)ﬂ E(—Lyt) = E(L1=t1+2L1/Cg)- (4.1)

With these relations and the prescribed A(—L,.t;) we determine the short-wave
amplitudes for each ¢;: 4, B, D and E at x; = L, and C, D and K at x; = —L,.
Subsequently. the locked long-waves are computed from these amplitudes through
(3.1) and (3.3), and the Stokes’ drift terms are found from (3.17). The results are
lengthy and not presented here.

We now turn to the free long waves. In principle the values of ¢¥, at any point on
the shelf can be calculated by the method of characteristics from the wave equations
(3.5). However, much insight can be gained by a simpler calculation of the behaviour
at the two edges only.

Instead of the sinusoidal dependence in (3.3) and (3.8), we now have
¢1zo = ¢1zo (tlirl/Cg)* forZ = {AEC’W

-

SHw

and % = ¢4 (1, Fx,/C), forZ =

H

2~

{
{

and B2, = §7 [, F o/ (gh)H]. forZ={,

1Z() = 120 [t + Tl/(Qh)%]~ forZ

’\

=

>
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Figure 6. The normalized transient long-wave response {,q = h{,,/a?, to normally incident waves,
() at the left edge and (b) at the right edge of the shelf, for A'/h =05, L/h =10, ch =1,
Q/w = 1. Curve (1) the locked waves. (2) the free waves, and (3) the total slow wave.
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With this proviso (3.9), (3.18) and (3.19) are still formally valid. Using (4.2) we
replace all the r, derivatives in (3.19¢, d) by ¢, derivatives with appropriate constant
multipliers. Equations (3.19a—d) then form a set of four first-order differential
equations for ¢%. ¢, 45, and @7, which can be integrated numerically with respect
to time from ¢, = 0. The free long waves ¢Z, at — L, and L, are thus determined.

In figure 6(a), we display the calculated long wave near the left edge. Note that
the group-locked long wave which consists of both incident and reflected waves is a
set-down while the radiated free long wave is a set-up. The net displacement of the
two long waves is still a set-down. After £2¢; = 6 reflection from the right edge returns
to the left edge. The free long wave is now more dominant. The long wave at the right
edge is shown in figure 6 (b). The locked and free long waves are opposite in sign. Since
the free long waves arrive carlier than the locked long waves, the total long wave is
at first a set-up then a set-down.

4.2, Oblique incidence and trapped waves

For sufficiently oblique incidence, wave trapping occurs and ¢f, becomes
evanescent off the shelf. We shall use Fourier transformation of the incident-wave
envelope in conjunction with the modulational frequency response to determine the
transient envelope.

Because @}, depends linearly on the incident-wave intensity |A[*, we may
construct the ‘transient solution by the Fourier integral of the modulational
frequency response. First, we define the Fourier integral representation of |4|* by

|2 = J d(2Q) e 7D F_(20), (4.3)

—o0

where &, is the Fourier spectrum of |A[%. For illustration, let us consider a short-
wave envelope which is itself a Gaussian wave packet with modulational frequency

2 A = A, Re e 100’7 (4.4)
where 7 is the phase function

T=4L— T VY (4.5)
The Fourier spectrum is

1 (® .
L= f dr e 42

2n J_
= _17443 (2 e 21w o=@ D%’ 4 e—(9+§>2/w2]. (4.6)
Bume
For an input of the form _ )
Re (& e72197) = Re (/¥ e29) (4.7)

with € > 0 we have already determined in §3.3 the free long waves # and X defined
in (3.8¢, d). We extend the definition of J#(202) to £ < 0 using the fact that

H(2Q2) = H*—2Q), H(2Q) = H*(—2Q). (4.8)
which follows from (3.8¢. d).
The transient response {%. which represents the right-going free wave on the shelf
is then constructed by Fourier superposition

d(29Q) (%) H e HAF T, (4.9)

o0

€gi(x1*y1’t1) = J

—0
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where # = #(2Q) is related to &/ (2€2) by (3.27) while o/ is given by (3.4) with
A*A™* replaced by % ,. Since 5 has poles at 2, the path of integration must be
slightly above the real axis in the complex 2Q-plane. The other free wave ¢X can be
represented similarly.

Sufficient insight can be gained by focusing attention on a point along the shelf
axis. In the complex plane of 2€2 the function #°(2¢2) has real poles which correspond
to the trapped modes. The transient response will be close to resonance if the forcing
frequency £2 is close to one of the eigenfrequencies £2,,. Let us assume that the forcing
frequency Q coincides with the lowest eigenfrequency, corresponding to » = 0 in
(3.4):

Q=0,= L tan™! (Bh/B'H). (4.10)
28°Ly
In the complex plane of 202 the integration path is slightly above the real axis in
order that H tends to zero as ¢, goes to — co. Because of the Gaussian factors in (4.6)
the integral in (4.9) derives most of its value when

QFQ2 =0w) < Q,.

corresponding to the second and third terms in (4.6). Consider x;, =y, = 0 only.
Because of Hermitian symmetry of &, and # in £ we have

’ﬂlAz *© H 10t —(9—0 )2 jw?
_gc%(o, 0, tl) ~ 4w7‘c(; Re J_OO d(ZQ) m—_})‘g_ﬁ) e—219l1 (2-Qy)°/ , (411)

where H#; .o/ is the residue of # at the pole at Q = @, and is easily found from
(3.27):

Ky = Mg (B0 + (B H)?) 26 L, 403 (4.12)
Use has been made of the result
mAl

A20) = ——
(22) (—2iQ) 8wn?

(4.13)
The dependence of 3, on physical parameters will be discussed later.

The integral (4.11) can be analysed by the method of steepest descent (Carrier
1970). In the complex plane 202, the phase function

(-Q'“'Qo)2

Q) = —2iQ, —=—3 (4.14)

has a saddle point at 2Q = 2Q, - 2wt

which shifts downwards as £, increases. We transform the integration path to the
path of steepest descent through the saddle point:

1
wne? —oo—2iw?t,

mA?2 o~2iw’t, s . .,
—gl20,0.4) =~ 'R dreo)y—_Tto _ o—2i0-@-9)%w
9850( U 1 ef ( Q)Z(Q——Qo)e

+H(¢,) Re ——fthiio1 e HhWh | (4.15)
! 4wm:

The last term, which includes the Heaviside step function H, arises from the pole at
£,. By the following change of variable:

o = 202 -2+ 2w,
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the integral in (4.15) becomes

22 o % i
H, e~ f_w UU—_—EM, (4.16)
which has been evaluated by Carrier (1970) as
A, sgn (t,)in et [1—erfuw|t,]]. (4.17)

Equations (4.15) and (4.17) can now be combined to give finally

.1
itemA?2
4w

—g€5(0,0,t,) = Re H, {sgn (¢,)[1 —erfwli,|]—2H(,)} e721%h. (4.18)
In view of (3.25) the left-going component —g¢X (0, 0,¢,) on the shelf is given simply
by (4.18) with €, replaced by — .

The strength of the transient response (4.18) depends on the energy in the input
packet via the packet length 1/w, and on the residue 3. The normalized forcing

H o= 29| H Al |(h]g)})a? (4.19)
and the normalized resonance frequency
Q= Q(h/g) (4.20)

are plotted as functions of the envelope incidence angle 6, in figure 7 (a) for collinear
waves and in figure 7(b) for non-collinear waves with 6,—6 = 60°. The angular
spread corresponding to the latter case can be inferred from (2.13), where £ is now
equal to the resonance frequency €2, which also depends on 6, 6, and #'/h. As noted
before, 2, (hence trapping and resonance) exists only in the range ¢, < 6, < 8,, where
6, and 6, are defined in (3.30). As can be seen in these figures the collinear and non-
collinear cases are qualitatively similar. The range of trapping 8, — ¢, is smaller for
larger A’/kh and also for larger 6,—6. From (4.10) we can verify that as 6, 6,, 40
so that €, 0, and as 6.1 6,, | 0 so that Q2,1 c0. From (4.12) we can also see that
as 6,18, # 1 oo since f7] 0. As 6 6, we see by substituting 2 = 0 in (3.22) that

ag—>hUD —hUDY ;. a,>hUD - UD. (4.21)
Letting £ and £, be small in (3.28) we find by using (4.21) that to the leading order
in £ and £,
M—2Q, k'Y (a,—a,)
> 2Q W B [MUP +UD —W (U +UD)]. (4.22)

It follows from (4.12) and (4.19) that
Hy > [MUV+UD) =W (U +UD)) (S)ﬁ/@azh’/f’le). (4.23)

Because the Stokes’ drift terms do not depend on £ and remain finite as £ ] 0, this
forcing for the resonated shelf wave is finite at 8, = 6,, as shown in figure 7 (a, b). The
singular limit at 6, = 6, corresponds to an envelope caustic; further refinement of the
present theory is required but is not pursued here.

Figure 8(a, b) shows an example of {£(0,0,¢,) due to the transient input of (4.4),
for two different values of w. As can be seen there is a transition through which the
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Figure 7. The resonance frequency {50 = Q. (k/ g)% at which the first pole occurs and the normalized
residue of M, = 2Q|#, | (k/g)}/a* the residue at Q, vs. 6, for L/h =10, ok =4, and three
depth ratios: #'/h = 0.5, 0.7, 0.9; (a) collinear incidence: 6, = 8; (b) non-collinear incidence:

6 =6,—60°.

free long wave builds up before the arrival of the peak of the envelope. Afterwards
the incident wave packet moves away along the positive y, axis and leaves a steady
‘wake’ of reverberation which is an oscillation at the resonance frequency. The
parameter 1/w is proportional to the total duration of the incident wave packet. The
amplitude of reverberation decreases for increasing w. If w is very small the realm of
validity of the present theory will be exceeded. Higher-order effects must then be

accounted for.
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Ficure 8. Transient response to an obliquely incident wave packet. The normalized jncident short-

wave amplitude a/h (Where ea is the physical amplitude) and the value of § = [81(0,0,t,)
20%/ga® are plotted versus Q¢,. Collinear incidence with §, = 0 =45° k' /h=05,L/h=10,0h = 1.
The computed £, = 0.65 and Hyhfa®=017-0.12i. (a ) =0.1; (b) w=0.2.

5. Concluding remarks

In this paper a problem of nonlinear diffraction of slowly modulated short waves
by a wide ridge has been studied by combining the tools of matched asymptotics and
multiple scales. Everywhere in the fluid there are two timescales: the short wave
period and the long group period. In the near field of each edge there is only one
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spatial scale, i.e. the short wavelength, and both propagating and evanescent modes
are important. In the far field away from the edges. there are two spatial scales, but
only the propagating part of the short waves matters. Two kinds of long waves must
be present : one is locked to the short-wave groups and one is propagating at the local
speed of the shallow-water wave. When the angle of incidence is sufficiently oblique,
the second long wave can be trapped on the ridge which then becomes a wave guide.
If the incident wave is a packet with a finite length in the direction of propagation, a
persistent wake of reverberation can be resonated along the ridge.

There are other situations where long-wave excitation can be of great practical
interest. In many small harbours the lowest natural modes have periods of 5-20
minutes. In view of the analysis of this paper, these long-period harbour modes can
be resonated by short wind waves nonlinearly, in addition to the linear resonance by
tsunamis. This has indeed been reported in some harbours, but effective calculations
still await further studies.
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